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J y = (aJb — ab^) /2i, and the total photon number (N a + Nb). They include as special cases the 
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by Agarwal and Biswas [New J. Phys. 7, 211 (2005)]. In particular, optimization over the whole 
inequalities leads to the criterion obtained by Agarwal and Biswas. We show that this optimal 
criterion can detect entanglement for a broad class of non-Gaussian entangled states, i.e., the SU(2) 
minimum-uncertainty states. Experimental schemes to test the optimal criterion are also discussed, 
especially the one using linear optical devices and photo detectors. 
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I. INTRODUCTION 

Entanglement, one of the defining properties of quan- 
tum mechanics, is a key element for quantum informa- 
tion processing using discrete or continuous variables 
(CVs)Q. In many applications, it is of great importance 
to verify entanglement for multipartite systems in one 
way or another. One possible approach is to derive the 
"classical" limit attainable by classical means for a spe- 
cific quantum protocol. Experimental demonstration of 
surpassing this limit can be an indirect proof of entangle- 
ment. For example, in the CV quantum teleportation of 
coherent states, the fidelity larger than 1/2 may indicate 
the presence of entanglement in the state shared by two 
parties [2} . Another approach is to derive the inequalities 
that all separable states must satisfy. Violation of such 
inequalities is sufficient, though not necessary in general, 
for demonstrating entanglement. Previously, those in- 
equalities were derived for CVs in terms of the variances 
of the canonical operators i, and pi (i = L 2), or the 
quadrature amplitudes for optical fields|3, El El- In 
particular, those conditions were proved to be both suffi- 
cient and necessary to manifest entanglement for bipar- 
tite Gaussian states 0,0. 

Non-Gaussian states, however, are also important and 
even essential in some cases 0- It is therefore crucial to 
have entanglement criteria applicable beyond Gaussian 
states for further applications. Working in this direc- 
tion, several authors recently obtained some inequalities 
by considering the SU(2) and the SU(1,1) àlgebra H Í|. 
In particular, Agarwal and Biswas used the negativity 
of partial transposition (NPT) to derive a separabil- 
ity condition for testing single-photon entangled states, 
a|l,0) + /3|0, Interestingly, Shchukin and Vogel 
showed that all the previously known criteria for CVs 
in Refs. 0. [!■ E| and in Refs. 0, can be derived in 
principle by taking into account the NPT condition for a 
hierachy of two-mode moments [Tol lïï| . In practice, how- 
ever, measurement of higher order moments needed par- 



ticularly in the approach of Ref. [ï(| seems to be rather 
demanding 12]. For practical applications, it may be de- 
sirable to have inseparability criteria that can be tested 
in experiment with the least possible resources[Ï3|. In 
addition, once a certain criterion is derived, it is neces- 
sary to identify the class of states that can be detected 
by such a criterion. 

In this paper, we study in some detail the separability 
conditions that can be obtained from the uncertainty re- 
lations in the SU(2) and the SU(1,1) àlgebra in conjunc- 
tion with partial transposition. The SU(2) àlgebra deals 
with the angular momentum operators J x ,J y and J z , 
which obey the commutation relations [Ji,Jj] — itijkJk 
{i,j,k = x,y,z). This àlgebra can be realizcd in òptics 
using two mode ficlds represented by the annihilation op- 
erators a and b, as 

J x = ^ (aïb + atf) , 

J y = 7T7 (a^b - a6 f ) , 

Jz = \{<Ja-tfb). (1) 

On the other hand, the SU(1,1) àlgebra with the 
operators K Xl K y and K z that satisfy [K x ,K y ] — 
—iK z , [K y , K z ] = iK x , and [K Z ,K X ] = iK y , can be real- 
izcd as 

K x =\ (aW + 06) , 

K y = 1 (otftt - ab) , 

K z = i( t + &t&+i). (2) 

Starting from the uncertainty relations in the SU(1,1) àl- 
gebra and applying the partial transposition, we will de- 
rive a class of inequalities, in a sum form of the variances 
of the SU(2) operators, that must be satisfied by all sepa- 
rable states. These include as special cases the inequality 
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derived by Hillery and ZubairyQ, and the one by Agar- 
wal and Biswas :9j . In particular, the inequality optimized 
over the whole inequalities is none other than the one ob- 
tained by Agarwal and Biswas 9] . Importantly, it will be 
clarified that this optimal criterion can be implemented 
in experiment by measuring the variances A J x , AJ y , and 
the mean photon number (a^a + tfb), as is the case with 
the inequality by Hillery and Zubairy8j. Furthermore, 
we will show that the optimal inequality can detect en- 
tanglement for a broad class of non-Gaussian entangled 
states, i.e., the SU(2) minimum-uncertainty states. 

The minimum-uncertainty states for the SU(2) àlgebra 
were first derived by C. Aragone et a/.Q^, and have l ong 
attracted much of theoretical interest^a, 0, IÏ7Í Usi Il9l 
l2p| . On an application side, the SU(2) squeezed states 
have been proposed to improve the accuracy of phase 
measurement in quantum interferometer 19, 20]. Fur- 
thermore, it may be natural to expect more useful appli- 
cations because the SU(2) minimum-uncertainty states 
are non-Gaussian entangled ones. For example, it was 
recently shown that the Gedanken Bell experiment in- 
volving the spin singlet states proposed by A. Peres |2Ï) 
can be approximately realized in quantum òptics using 
the SU(2) coherent states^^. These states belong to a 
subclass of the SU(2) minimum-uncertainty states under 
study in this paper. Our approach thus suggests in a 
sense an alternative method to verify entanglement in 
those states. 

This paper is organized as follows. In Sec. II we briefly 
introduce the partial transposition within the phase- 
space description. In Sec. III, we dcrive a class of in- 
equalities in an arbitrary sum form by combining the 
uncertainty relation between K x and K y of the SU(1,1) 
àlgebra with the notion of partial transposition. In par- 
ticular, the strongest inequality among them is obtained 
that is expressed in terms of the SU(2) operators J x , J y , 
and the total photon number N a + Nf,. In Sec. IV, we 
present the SU(2) minimum-uncertainty states and show 
that the strongest criterion can detect entanglement for 
all those states. In Sec. V, experimental schemes to gen- 
erate the minimum-uncertainty states and those to mea- 
sure the observables J x and J y , especially a linear optical 
scheme, are discussed. Finally, we summarize our results 
in Sec. VI. 



II. PARTIAL TRANSPOSITION 

In this section, we briefly introduce partial transposi- 
tion of a density operator in the phase space. Let us first 
consider a single mode ficld in the position representa- 
tion, p = J dxdx' p xx >\x){x'\, where x\x) = x\x). The po- 
sition x and the momentum p are defined via the relations 
a = (x + ip)/^/2, and a 1 = (x — ip)/y/2. The character- 
istic function C p t(A) = Ti{p T D(X)} for the transposed 



density operator p T = J dxdx' p xx ' \x')(x\ is then given by 
C p t{\) = J dxdx' Pxx ,{x\D(\)\x') 

= J dxdx' Pxxl {x'\D(-\*)\x) 

= C P (-X*), (3) 

where C P (A) is the characteristic function of the original 
state p, and D(X) = e Xai - x a is the displacement oper- 
ator. Therefore, the s-ordered distribution of p T is 
related to that of p, as 

W p T(a,s) = ^ J d 2 Ae QA *- a *V |A|2/2 C p T(A) 

= _L J d 2 \e aX '- a ' x e s ^ 2 / 2 C p (-X*) 
= W p (a*,s). (4) 

That is, W p T (a x , a y , s) — W p (ct x , —a y , s) for all s (—1 < 
s < 1). This reflects the fact that transposition physi- 
cally represents the motion-reversed state^, 0| . 

From now on, let us work in the Glauber-P represen- 
tation (s — 1). A normally-ordered moment (a 1<m a n ) p T 
of the transposed density operator is expressed in terms 
of another moment of the original state, as 

{a) m a n ) pT = J d 2 aa* m a n P pT (a x ,a y ) 

= J d 2 aa* m a n P p {a x ,-a y ) 

= J d 2 aa m o* n P p {a x ,a y ) 

= {J n a m ) p . (5) 

For an arbitrary operator O represented in the nor- 
mal ordering as O = EC„ m a^ m a n , we obtain (0)„t = 
^C mn (a^ n a m ) p . If the coefficients C mn are all real, we 
simply have (0) p t = (0^) p . 

Extension of the previous results to the partial trans- 
position for the multi-mode case is straightforward. For 
example, in the case of partial transposition for mode ò, 
we have 

{a) m a n tf p b q ) pP T = (a^ n a n b^b p ) p . (6) 

III. SEPARABILITY CONDITIONS 

In this section, we will derive a class of inequalities via 
uncertainty relations among the SU(1,1) operators along 
with the partial transposition considered in Sec. II. To 
begin with, from the commutator [K Xl K y ] = —iK z , we 
have the uncertainty relation AK x AK y > \\K Z \. If a 
two-mode state is separable, it remains physical after par- 
tial transposition |l·l|. Thus, the above inequality must 
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be satisfied also by the partially transposed density op- 



erator p PT , i.e 



they used a different procedure to derive the separability 
condition 



(AK x ) pPT (AK y ) pP T > -{K z ) pPT , 



(7) 



(AJ x ) 2 + (AJ y ) 2 >±(N + ). 



(14) 



if the state is to be separable 9]. Using Eq. JïïJ), we find 
that (AK x ) p pt is related to (AJ X ) P , as 

{AK x f pPT = {K 2 x ) pPT - (K x ) 2 pPT 

= -la^tf 2 +a 2 b 2 + a í atfb + acL i btf) PT - -(aftf + ab) 1 
4 x ' 1 4 1 ' f 

= -( a ï 2 b 2 + a 2 6 t2 + aWò + aa)btf) p - -(ah + atf) 2 



We now want to optimize the inequality l|12|l by choos- 
ing a proper parameter c = c op t. This can be done in 
the following way[2j|. Since our goal is to make the in- 
equality violated by a given entangled state, we need to 
minimize, possibly lower than zero, the following value 



{Jl) P + \-{J,) 2 p = {AJ x f p + \. 



Similarly, we obtain 



[AK y f pPT 



and 



(K 



Z/p* 



(K 



z/p- 



(9) 



(10) 



Now let us construct an arbitrary sum of (AK X ) 2 PT and 
(AK y ) 2 PT . Using x 2 + y 2 > 2xy, with x — ^/a(AK x ) pP r 
and y — ^/P(AK y ) pP T , we have 

a(AK x ) 2 pPT + f3{AK y ) 2 pPT > ^(K z ) pPT , (11) 

where the inequality Q was used. In terms of the mo- 
ments of the original separable state ps, using the rela- 
tions in Eqs. © , I© , and {T0J), the inequality {TT} be- 
comes 



(AJ x ) 2 ps +c 2 (AJ y ) 2 s >-c(N + ) Ps 



1 



■(c-1) 2 , (12) 



{AJ x f +c 2 (AJ, 



(8) 



where N + = N a + Nb is the total photon number and 
c = \/a/ f3 > is an arbitrary parameter. On the other 
hand, for a general state, entangled or not, the SU(2) 
commutator [J x , J y ] = iJ z sets the uncertainty relation 

(AJ X ) 2 + c 2 (AJ y ) 2 > c\(J z )\ = lc\{N.)\, (13) 

where iV_ = N a — is the photon number difference. 
Note that the terms on the left-hand sides of Eq. i|12|) 
and Eq. (O are the same. Therefore, if the quantity 
on the right-hand side of Eq. (|12|) is larger than that of 
Eq. H13|l , there can be some entangled states that satisfy 
the inequality (|13fl . but that violate the one in l|12|). The 
inequalitics (|12fl thereby define a class of separability cri- 
teria for CVs. This is the case when c is choscn in the in- 
terval (c_, c+), where c± = (l+2iV m )± A /(l + 2iV m ) 2 - 1 
tmdN m = min{{N a ),{N b )}. 

Note that a special case for c = 1 in (|12|) is the inequal- 
ity obtained by Hillery and Zubairy in Ref. : 8|, where 



v) 

(1 + 4(AJ,) 2 ) 

n + i(Aj x f 



l -c(N + ) + \(c-l) 2 



1 + <^+) 



1 + 4(A Jy 

(1 + (N + )) 2 



1 



4(AJ„)2 



(15) 



Since AJ x ,AJ y and (N + ) are just real numbers for a 
given state, we can always choose c = c op t = (1 + 
(N+))/{l + 4(AJ y ) 2 ) > 0. Then, the inequality (JT^ is 
reduced to 

(1 + 4(AJ,) 2 )(1 + 4(AJ,) 2 ) > (1 + (N+)) 2 . (16) 

This inequality is in fact the one that can be directly 
obtained from Eq. Q by inserting the relations in 
Eqs. and (pU). The inequality {ÜU) provides the 

strongest condition for separability among the ones in 
Eq. (|12fl . Indeed, it can be readily checked that in gen- 
eral, regardless of the operator àlgebra involved, the sep- 
arability condition in the product form, like Eq. 10, 
always gives the optimal inequality among those in a 
sum form, on account of the simple algebraic relation 
x 2 + y 2 > 2xy used in the derivationQ. 

The inequality Ijlfíll was previously derived by Agarwal 
and Biswas in Ref. [9| , though not explicitly presented in 
terms of AJ X and AJ y . Identification of the terms AJ X 
and AJ y , however, becomes important in an experimen- 
tal point of view, and we will discuss it further, particu- 
larly thcir mcasurcmcnt, in Sec. V. 



IV. SU(2) MINIMUM-UNCERTAINTY STATES 

In this section, we apply the criterion Hlfíjl to detect 
entanglement for the SU(2) minimum-uncertainty states. 
For comparison, however, we also consider the inequal- 
ity (|14fl and investigate its power of detecting inseparabil- 
ity. The SU(2) minimum-uncertainty states were derived 
in the literature0,|2(j, and we first present those states 
in the following. Then, we will show that the optimal in- 
equality (|16fl can detect entanglement for any arbitrary 
SU(2) minimum-uncertainty states, whereas the inequal- 
ity (|14|) is limited in its applicability. 
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A. Minimum-uncertainty states 



B. SU(2) minimum-uncertainty states 



For two general Hermitian operators u and v, we have 
the uncertainty relation AuAv > |{[xt, v]} | /2. The min- 
imum uncertainty states refer to those which satisfy the 
equality, i.e., AuAv = \([u,v])\ /2. These states can be 
derived by solving the eigenvalue equationj24| 



(17) 



where (3 is a complex eigenvalue. After some àlgebra, it 
is found that 



1 



{Auf = -\\{[u,v])\ 



(18) 



Therefore, AuAv — \([u,v])\/2 is satisfied, and the pa- 
rameter |A| can be interpreted as the degree of squeez- 
ing. For |A| = 1, the two variances are the same, i.e. no 
squeezing, and for |A| 7^ 1, the fluctuation of one variable 
is reduced at the expense of that of the other variable. 
In our case, u = J x and v — J y , and Eq. I|17f) becomes 

[(1 - A)a&t + (1 + A)a t 6)] |*) A = 2/3|*) A . (19) 

We will consider only the case that the mean numbcr 
of mode a is larger than that of mode b, (N a ) > (iVj,) 
(A > 0), because the opposite case can be treated just 
by interchanging the modes a and ò. Thus, for the SU(2) 
minimum-uncertainty states, the following relations are 
satisfied 



(Aj x r = ±(N_ 



(AJ y f = -{N-) 



(20) 



where (A r _) = (N a ) - (N b ). We see that only the cal- 
culations of (N±) are necessary to use the separability 
conditions (|14|) and (|16|) , due to the relations in Eq. i|20|) 
for nonzero A. 

In the following, we will consider the minimum- 
uncertainty states only for < A < 1, i.e., J x -squeezed 
states in Eq. 1(277)1. The case for A > 1, i.e., J^-squeezed 
states, can be treated without further calculation by the 
following observation; If the annihilation operator b is re- 
defined as òe~ l "2, the operator J x is changed to J y and 
vice versa. (See Eq. JIJ.) This implies that local phase- 
shift of the mode b by the amount of ^ transforms J x - 
squeezed states to J y -squeezed ones. Moreover, note that 
the inequalities (|14fl and (| 1 fcil) is symmetric with respect 
to J x and J y . Therefore, the problem of detecting insep- 
arability for J^-squeezed states is redundant. 

More precisely, using the relation e l btb 5 e - l btf> = 
be~ 1 ^ , the eigenstate \$)\ for A > 1 (J^-squeezed state) 
is obtained from the state | < Í > )i/a ( J^-squeezed state), as 

Eq. O 



e l 2 bt& |<i)) 1 ^ Aj which can be easily checked in 



We now solve Eq. JHJ) to obtain SU(2) minimum- 
uncertainty states. 



(i) A 



1; 



In the unsqueezed case, Eq. (|19|) becomes 
at&l^) = Using the photon-number basis, 

l^) = SC nii „ 2 \ni) a \ri2)b, we obtain the recurrence 

relation C ni -i,n 2 +W n í( n 2 + 1) = /#C nii „ 2 for m > 1 
and ri2 > 0. If (3 is nonzero, we additionally have 
Co,n 2 = for all 712 > 0, since a)b\9) does not contain 
the vacuum-state component for mode a. We then 
find no solution, because all the other coefficients also 
vanish from the recurrence relations. The eigenevalue (3 
therefore must be zero. The same reasoning will be used 
below for the case of A < 1 . 

For (3 = 0, the recurrence relation suggests that the 
mode b is in the vacuum state. That is, |^) = |$) o |0)b, 
where \&} a is an arbitrary state, which represents a 
product state. Thus, these unsqueezed states are of no 
interest in our work 25j. 

(ii) A < 1; 

In the squeezed case, let us introduce a transformed state 
I*') = S-- 1 ^)!*), where S(z) = e zab ^- z " aH describes 
the beam-splitter action[2Í|. We choose the complex 
value z = re l * z to make simple the recurrence relations 
for the state I^OlU- B Y inserting |*) = S(z)\W) to 
Eq. (JT5J, and using S(z)aS j; (z) — acosr + be"^ 2 - sinr 
and S(z)bS'(z) = bcosr — ae 1 ^" sinr, we get 



V / l-A 2 (A a -iV 6 ) + 2Aa t ò |*') = 2/3|*')> (21) 



with the choice tanr = y and <f) z = 0. 

A further simplification is made by the observation 
that the operators in Eq. (|19fl or l|21|l preserve total 
photon-number, i.e., N = N a + Nf, becomes a constant 
of motion. We can thus construct A-manifolds such 
that the eigenstates |^') for a given N are of the form 
I*') = Y, p Cp\p)a\N — p)b- We then obtain the recurrence 
relation 



2X^p(N-p+l)C p . 1 = (3 P C P , 



(22) 



where /3 P = 2/3 - \/ï - \ 2 (2p - N). Clearly, the pa- 
rameter (3 P must be zero for a certain p, otherwise no 
solution exists. ( See the argument in (i) for A = 1.) 
If (3 P vanishes for p = m, where m is a non-negative 
integer (0 < m < N), the eigenvalue 2/3 is given by 
2/3 = Vi ^ A 2 (2m — N), and \^>') contains only the terms 
for p > to. The parameter m is thereby a truncation 
number that characterizes distinct eigenstates. We now 
obtain f3 p = [3^ 



-2V1 - \ 2 {p- m). 
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The recurrence relation in Eq. Q22fl can be readily it- 
erated to give 



i*': 



N,: 



W Nr 



Z p > m C£> m \p) a \N-p) b , (23) 



where 



C 



N,m 
P 



lp\(N- 



(p — to)! y m\(N — p)\ 



(24) 



and A 



The normalization constant 



W Nm is given by W Nm = 2 Fi [m + 1, m - N, 1, -A 2 ] , 
where 2-P1 is the hypergeometric function. The sub- 
scripts/superscripts {N,m} are used to classify different 
eigenstates, where N is the total photon number and m 
is the truncation number in Eq. Q23[) |27 | . Note that the 
states in Eq. I|23|) are generally non-Gaussian entangled 
states, and in particular, the state for m — describes a 
two-mode binomial state[28j . 

We can calculate (AT_) using the transformed state l'í') 
with the relation S^(z)NS(z) = \N_ - 2-y/l - \ 2 J X as 



(AT_) = A(JV_)|*/) - 2^1-V{J x ) m . 



(25) 



Then, the variances (AJ X ) 2 and (AJ y ) 2 are given by the 
relations in Eq. (|20[1 . Let us first consider some simple 
SU(2) minimum-uncertainty states and see whcthcr 
cntanglement in those states can be detected using the 
inequality IJHJ or (fTïï|l . 

(a) case of m = N 

The eigenstates are simply I^ív.ív = \N) a \0)b in 
Eq. (|23l) . and, in the original frame, they become 
|*)ív,ív = S(z)\N} a \0}i,. These states thus can be gener- 
ated by injecting a Fock state \N) and a vacuum state 
|0) as inputs into a beam splitter with the transmittancc 
cos 2 r = (1 + A)/2. Since the photon number difference 
is obtained as (N-) — XN from Eq. I|25|) . it is easily 
checked that the states I'Í^at all violate both the in- 
equalities {nj and dH - 

The states |\I/)jv,./v actually correspond to the SU(2)- 
coherent states considered in Ref. [lg- For N = 1, the 
state 1^)1,1 is an arbitrary superposition of the single- 
photon states, |*>i.i = cosr|l) Q |0) b + sinr|0) Q |l)í,[2!|. 

(b) case of to = N — 1 
In this case, we find 



1*': 



1 



N,N-1 



a\N- 1,1) +/3\N,0)), (26) 



where a = Vl — A 2 , (3 = —XyN, and 

, v \\3N -2 + {N 2 -3N + 2)\ 2 } , 
= ~ l + (Aí-l)A 2 ■ ™ 

Now, the inequality (|14|) is violated only for the squeezing 
parameter A > A c = ■ On the other hand, the 




FIG. 1: (i)-(iv) (dotted lines) Q- and (v)-(viii) (sòlid lines) 
R- vàlues, defined in Eq. (1281 . as functions of the squeezing 
parameter A for the states |í')jv = io,m: (i),(v) m = 5, (ii),(vi) 
m — 3, (iii),(vii) m = 2, and (iv),(viii) m = 1. 



optimal inequality l|16fl is violated for any vàlues of A, 
showing that the inequality is stronger than (|14|) . 

Instead of seeking further analytic expressions, we nu- 
merically study the violation of the inequalities by the 
SU(2) minimum-uncertainty states, and the results are 
displayed in Figs. 1-3. We calculate the quantitics Q and 
R defined by 



_ (AJ,) 2 



(AJy) 2 



(1 



(N+)/2 
4(AJ X ) 2 )(1 



- 1, 

4(Ajy 



(l + (N + )) 2 



- 1. 



(28) 



The negativity of Q and R represents the violation of the 
inequality l|14|) and (|16[) . respectively. 

In Fig. ^ we plot Q and R for \^) N=w,m as functions 
of the squeezing parameter A. We have found that Q and 
R vàlues for \^)N,m are the same as the corresponding 
ones for \^)N,N-m in general. For example, the curves 
(ii) and (vi) in Fig. ^ represent Q and R for the states 
|*)at=io,3 and |#)ív=io,7 alike. 

We can show that the R vàlues are always negative, in- 
dicating that the inequality (|16|l is violated, for arbitrary 
states l'í) N.m with any degree of squeezing. In Fig. [3 for 
instance, we plot the R vàlues for the states I^jv^so, m 
and Ar=ioo,m· As the degree of squeezing is increased, 
i.e., A — ► 0, the negativity of R vàlues deepens. In the 
extreme squeezing of A = ((AJ^,) 2 = 0), we obtain 
|*')jv, m = \m) a \N-m) b from Eqs. lO and (SSJ. Then, 
by a direct calculation of (AJ y ) 2 , the extreme R value is 

, r, N 2 + N(l-2m)+2m 2 

given by R = ( 1+jv) a ■ 

On the other hand, the Q vàlues become negative only 
for a certain range of A > A c , where the critical value A c 
satisfies the equality in Eq. 114|) . Arranging terms, we 
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FIG. 2: The R vàlues, defined in Eq. ggj, as a function of the 
squeezing parameter A. Sòlid (dotted) curves for the states 
|*)iv=50, m (|*)iv=ioo,m): (i)m = 20,30, (ii) m = 10,40, (iii) 
m = 1, 49, and (iv) m = 30, 70, (v) m = 15, 85, (vi) m = 1, 99. 



FIG. 3: The critical value A c as a function of total photon 
number N(> 12) with m = N/2 + 2 (triangle), m = 3ÍV/4 + 1 
(circle), and m = N — 2 (square), for the states |^)jv,m. The 
inequality 1141 is violated for the squeezing parameter A > A c . 



find that A c satisfies the equation 

(m + 3m + 4A 2 m) 2 i<i [m + 1, -m, 1, -A 2 ] 
= 2m(l + 2A 2 )(m + l) 2 Fi [m + 1, -m, 2, -A 2 ] , (29) 

where fh = N ~ m and A = — —^4=. For fixed N, A c 

varies with the difference \N/2 — m|, and more precisely, 
A c decreases with the increasing value of \N/2 — m\. In 
other words, the range of the squeezing parameter A, for 
which the inequality H14[) is violated, becomes broader 
for a larger diffcrcnce \N/2 — m\. In Fig. we plot the 
critical value A c for different {N, m}-values. 

In conclusion, we have shown that the optimal inequal- 
ity (|16|l can detect entanglement for any arbitrary SU(2) 
minimum-uncertainty states, whereas the inequality i|14|) 
has some limited applicability of detecting entanglement. 



V. MEASUREMENT SCHEME 

In this section, we discuss the generation of the SU(2) 
squeezed states and the measurement of the observables 
J x and J y necessary for testing the criterion (|Tü|l . The 
experimental schemes for generating the SU(2) squeezed 
states have been suggested for atòmic system[Ï6| and for 
optical fjelds[T^|. In particular, Luis and Perina proposed 
to generate the SU(2) coherent states, I^jv.ív m our no- 
tation, using two parametric down converters (PDCs) 
with the aligned idler modes [17]. In their scheme, how- 
ever, it is required to project the idler mode to a photon 
number state, which seems hard to implcment in practice. 
They also showed that other SU(2) squeezed states can 
be produced in the signal modes within the same setup, 
when a beam splitter is inserted between the PDCs and 



projective measurements are performed on the two idler 
modes. 

Another method to generate the SU(2) coherent states 
is to inject a photon number state \N, 0) to a beam split- 
ter, as addressed in the subsection IV. B. (ii)-(a). It is, 
however, also demanding to produce the photonic Fock 
states. Recently, an experimental scheme was proposed 
to extract a Fock state from an input coherent state using 
linear òptics and projective measurementspjoj . 

Let us now discuss how to measure the observables 
J x = (a^b + atf) /2 and J y = [a'b — a¥) /2i in exper- 
iment. M. Hillery showed that the variances AJ X and 
AJj, can be measured via a nonlinear interaction, i.e., the 
difference-frequency generation described by the Hamil- 
tonian H = hg(a i bc i + ab^c) [IJ. Specifically, the vari- 
ances of the two orthogonal quadrature amplitudes for 
mode c, which can be measured in homodyne detection, 
correspond to A J x and AJ y , respectively. 

Alternatively, we can use linear optical devices along 
with photon detectors [Fig. 0]. The mode b first goes 
through a phase shifter and the two modes a and b are in- 
jcctcd to a 50:50 beam splitter. The output modes c and 
d are given by c = ^(a+be^) and d = -^(-a+òe"^). 
One then measures the photon number diffcrcnce at the 
output, i.e., éc — d^d = a) be~ %1 ^ + atf é 1 ^ , which becomes 
2J X (2Jy) for <f> — (<f> = In fact, this scheme is none 
other than the typical homodyne detection when one of 
the input mode, say b, is replaced by a large intensity co- 
herent field. Although this method does not require the 
nonlinear interaction as compared with Hillery's scheme, 
photon counting is usually less efficient than homodyne 
detection. The photon detectors currently available in 
the laboratory are known to be sensitive only to low 
photon numbers. So the measurement via linear òptics 
seems to be rather demanding for the SU(2) squeezed 
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FIG. 4: Experimental scheme for measuring J x — 
(a t ò + afe t ) /2 and J y = (a f 6 - aò*) /2i. BS: beam-splitter, 
PS: phase-shifter. (J y ) can be detected, with the phase 
shift <f> = (</> = 5), by measuring the photon-number difïer- 
ence crc — gPcí at the output. 



states with large photon numbers. We, however, believe 
that the experimental progress in this direction will be 
continuously made[32|. 



VI. SUMMARY 



In this paper, we have derived a class of inequali- 
tics from the SU(1,1) and the SU(2) àlgebra in 

conjunction with the partial transposition, that all sepa- 
rable CV states must satisfy. The strongest inseparabil- 
ity criterion among them is the same as the one derived 
by Agarwal and Biswas 9]. We have shown that this 
optimal condition can detect entanglement for a broad 
class of non-Gaussian entangled states, that is, the SU(2) 
minimum-uncertainty states with any degree of squcez- 
ing. Examples of such states include the ones produced 
by superposing a Fock state \N) and a vacuum state |0) 
at a beam splitter. For comparison, we also considered 
the inequality (|14|) , also independently derived by Hillery 
and Zubairy, which is found to be capable of detecting 
inseparability only for a certain range of the squeezing 
parameter. We have proposed a linear optical scheme 
with photon detectors to test the optimal criterion in ex- 
periment. 

We acknowledge the financial support from the Korea 
Ministry of Science and Technology under the contract 
NC33520. 
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